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We examine the e r r o r  which r e su l t s  f r o m  the approximat ion  of boundary conditions of the 
th i rd  kind by boundary  conditions of the f i r s t  kind, in the analyt ical  solution of the Laplace 
equation for  nonuniform regions  and mixed boundary  condit ions.  

In the theore t i ca l  and exper imenta l  solution of a number  of p r o b l e m s  re la t ing  to s t eady- s t a t e  heat  
t r ans f e r ,  pa r t i cu l a r l y  extensive  attention was devoted to the method based  on the substi tution of the t h e rma l  
r e s i s t a n c e  of the heat  boundary  l ayer  between the solid and the ambient  med ium by the t h e r m a l  r e s i s t ance  - 
equal in m a g n i t u d e -  of a conditional additional l ayer  of the solid m a t e r i a l  under considera t ion .  

In theore t ica l  invest igat ions  the a r e a  of applicat ion for  this method is  genera l ly  l imi ted  to complex 
one-d imens iona l  p r o b l e m s .  As r ega rds  two-dimens iona l  p rob lems ,  the p rob l em of the appl icabi l i ty  to these  
of the method of the additional l ayer  is as yet, to the bes t  of our knowledge, total ly unt rea ted  in the l i t e r a -  
t u re .  

The ana lys i s  p r e sen t ed  below is devoted to the p rob l em of a penet ra t ing  and heat-conduct ing inclusion. 

1. Formula t ion  of the P rob l em .  We a r e  to de te rmine  the t e m p e r a t u r e  field 7(x ~, yr) in a plate  of 
th ickness  6, p rov ided  that  the t e m p e r a t u r e s  of the med ium a r e  specif ied (tin) as well  as the h e a t - t r a n s f e r  
coeff ic ients  (ain and aou t) for  the inside (y' = 0) and outside (yr = 6) su r faces ,  r e spec t ive ly .  The plate  con- 
ta ins  a pene t ra t ing  rec tangu la r  inclusion of width a .  The coeff icients  of t h e r m a l  conductivity for  the inclu-  
sion and the pla te  a re ,  r espec t ive ly ,  equal to X 1 and X 2. 

In d imens ion less  quanti t ies  the p r o b l e m  reduces  to the solution of the different ia l  equation 

O~01 "+" O20i = 0 (1) 
Ox 2 Oy ~ 

with the following boundary  conditions: 

00 i(0, g) = O ,  (2) 
Ox 

002(~176 Y) = 0, (3) 
Ox 

00~ (x, 0) Bi 0~ (x, 0) = O, (4) 
0y 

O0~(x, I) 
+ kBi0~(x, I) = kBi, (5) 

Og 

oi (~, y) = o2 (L v), (6) 

~,, O0~ (~, y) _ ~,2 002 (~' y) (7) 
Ox Ox 
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2. The  Exac t  Solution.  Let  us  p r e s e n t  the  funct ion 0 i in the f o r m  of the  s u m  of two funct ions  

O~ (x, y) = u~ (y) + v~ (x, g), (8) 

the f i r s t  of which s a t i s f i e s  the o r d i n a r y  d i f f e ren t i a l  equat ion  

d~ui = 0 (9) 
d9 ~ 

and the o r ig ina l  n o n u n i f o r m  b o u n d a r y  condi t ions  (4) and (5), whi le  the second  funct ion s a t i s f i e s  the o r ig ina l  
L ap l ace  equat ion (1), (2), (3), (6), and (7), as  wel l  a s  the  u n i f o r m  b o u n d a r y  condi t ions  d e r i v e d  f r o m  (4) and 
(5) by  r e p l a c i n g  the  r i g h t - h a n d  m e m b e r  in (5) by  z e r o .  

Having  so lved  (9) in conjunct ion  with  (4) and (5), we find that  

ui = 1 -+- Big (10) 
1 

I + ~ - + B i  

and, consequen t ly ,  
1 

um 1 (11) 
i + 7 - + B i  

To  find the funct ion vi(x, y) we  wil l  u se  the  F o u r i e r  me thod  of s e p a r a t i n g  v a r i a b l e s .  

A s s u m i n g  that  

v~ (x, y) = Xi (x) Yi (g), (12) 

we find f r o m  (1) two o r d i n a r y  d i f f e ren t i a l  equa t ions  whose  so lu t ion  fo r  the c o r r e s p o n d i n g  b o u n d a r y  condi-  
t ions  wil l  be  

X i = C 1 ch [Six , (13) 

X z = C 2 exp ( - -  ~2x), (14) 

Yi = 13~ cos Big -}- Bi sin 13dj. (15) 

Consequent ly ,  using" the  F o u r i e r  s e r i e s  expans ion  of the  e igenfunet ions ,  we have  

v~ ~ s C~nXinY~ , (16) 

w h e r e  the  s u m m a t i o n  is  p e r f o r m e d  o v e r  s u c c e s s i v e l y  i n c r e a s i n g  pos i t i ve  r o o t s  of the c h a r a c t e r i s t i c  equa -  
t ion 

ctg[3~ = ~ (kq_  1 ) B i "  (17) 

Final ly ,  having  d e t e r m i n e d  f r o m  ~6) and (7) the  va lue s  of the c o n s t a n t s  Cln and C m, we find the un-  
known funct ion fo r  the t e m p e r a t u r e  f ie ld  in the zone of the  inc lus ion  (01) and in the zone of the  p l a t e  i t s e l f  

Ol = u,- -  Z T~Fi .  ch fil=x 

(02): 

n = l  
1 + X2~a~ c t h ~ l ~  

(18) 

(10) 

w h e r e  

l I 3 i r  ~ 

1 

S (ul - -  u2) Yindg 
0 

! 

0 

(20) 
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TABLE 1. 
Semiinfinite P la tes  (Bi = 2.25, k = 8/3) 

- I 
~'1/~2 ' I 1,67 1 2,0 2,5 3,33 

[ 

According toil] 010,044 0,062 I 0,085 0~112 
According to (30) 0 tO, 050 0,070 0,095 Oi 126 

*Extrapoluted 

Rela t ive  T e m p e r a t u r e  A 0in at the Boundary Between Two 

5 10 

0,141 0 ,176  0,215" 
0,164 0 ,213 0,276 

3. Approx imate  Solution. Within the f r a m e w o r k  of the above-c i ted  approximat ion  we will condition- 
a l ly  i nc rea se  the p la te  th ickness  5 by ki/(~in f r o m  the inside and by Xi/O~ou t f r o m  the outs ide .  In d imension-  
l e s s  coordina tes  this will indicate a conditional thickening by 1 / B i  and by 1 /kBi ,  r e spec t ive ly .  

As before ,  we will seek  the solution in the f o r m  of sum (8) of two functions.  
t ions must  sa t i s fy  (9) and the nonuniform b ina ry  conditions: 

As r ega rd s  the second function vi, 
y coordinate:  

The f i r s t  of these  func- 

it mus t  sa t i s fy  the uni form boundary conditions with r e spe c t  to the 

v~ x, - -  = O, (23) 

( ' )  vl x, 1 + - ~  = 0 ,  (24) 

and conditions (2) and (3) with r e s pec t  to the x coordinate .  

Using the Four i e r  method and pe r fo rming  t r ans fo rma t ions  s im i l a r  to those  in sect ion 2, we finally 
obtain 

r 
Z W~. ch n ~ x  sin n n u  I (25) 

0i  = ut - "  + X i  ' 
ch nar sh nn t 

n = l  ~2 

= u2 + ' ~  ~2,, exp [--  nn (x - -  ~)1 sin n n u 2  , (26) 
e2 

ff..A.=l 1 + ~ 2  cth n n ~  

where  

[ , ] 2(Uin 1-uin2) 1%- -~-(- -  1)n 

T ~  = Usi Bi nn ' (27) 

and the va lues  of u i and UBi, as before ,  a r e  de te rmined  f r o m  (10) and (11). 

The advantage of the approx ima te  solution (25) and (26) in compar i son  with the exact solution (18) and 
(19) l ies in the c o m p a r a t i v e  s impl ic i ty  of the norming  fac tor  (27) and mos t  impor tan t ly  in the fact  that  t he r e  
is no need to solve the t w o - p a r a m e t e r  t ranscendenta l  equation (17). 

4. Evaluation of Approximat ion Accuracy .  F r o m  (25) and (26), a ssuming  that x = ~ and y = 0, we can 
de t e rmine  the d imens ion less  t e m p e r a t u r e  of the inside su r face  at the boundary of the inclusion zone: 

1~r sin nguB2 
Oi,(~) = u i n 2 +  

1%- ~'z  cth ng~ 
n=l ~ i  ' 

(2s) 
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If the width a of the inclusion is sufficiently great, we can assume that ~ ~ ~. When two semiinfinite 

p l a t e s  a r e  in con tac t ,  f o r m u l a  (28) a d m i t s  of s u b s t a n t i a l  s i m p l i f i c a t i o n s .  Indeed,  s i n c e  

~ -  sinn~z = (1 - -z ) ,  
2 

for ~ --" ~ from (28) we find 

A0in = 0in(~) __ uin2 = Uinl-- ui~2 . 
1 §  1~_2 

T a b l e  1 g i v e s  a c o m p a r i s o n  of the  v a l u e s  of A 0in found by  the  m e t h o d  of e l e c t r i c a l  m o d e l i n g  [1] and  
i s  in r a t h e r  good  a g r e e m e n t  wi th  t he  r e s u l t s  of the  e x a c t  so lu t ion ,  wi th  the  v a l u e s  c a l c u l a t e d  f r o m  (30). 

As  we can  s e e  f r o m  the  da ta  in the  t ab l e ,  in the  r a n g e  ~, l /k2 > 1.5 of p r a c t i c a l  u t i l i z a t i o n  the  a p p r o x i -  
m a t e  so lu t ion  y i e l d s  v a l u e s  f o r  A 0in tha t  a r e  o v e r s t a t e d  b y  a p p r o x i m a t e l y  15%. In th i s  c a s e ,  wi th  an  in -  
c r e a s e  in the  p a r a m e t e r  X i / k  2 t h i s  d i v e r g e n c e  i n c r e a s e s ,  a t  the  l i m i t  (as k l / k  2 - -  ~)  r e a c h i n g  the  m a x i m u m  
e r r o r  of 28%. 

N O T A T I O N  

x = x ' / 6  and y = y ' /5  a r e  d i m e n s i o n l e s s  c o o r d i n a t e s ;  
5 i s  the  t h i c k n e s s  of the  p l a t e ;  

= a / 2 6  i s  the  d i m e n s i o n l e s s  wid th  of the  inc lus ion ;  
T i s  the  t e m p e r a t u r e  of the  p l a t e  o r  of t he  inc lus ion ;  
t i s  t h e  t e m p e r a t u r e  of t he  a m b i e n t  m e d i u m ;  

0 = (tin - T)/(tin - tout)  i s  the  d i m e n s i o n l e s s  t e m p e r a t u r e ;  
i s  the  h e a t - t r a n s f e r  coe f f i c i en t ;  

h i i s  the  c o e f f i c i e n t  of t h e r m a l  conduc t iv i ty ;  
Bi  = C~inSAi i s  the  Blo t  n u m b e r ;  

k = a o u t / a i n .  

Subscripts 

i = 1 denotes the inclusion zone; 

i = 2 deno t e s  the  p l a t e  zone;  
in deno t e s  the  i n s i d e  (y = 0) s u r f a c e ;  
out  deno t e s  the  ou t s i de  y = 1) s u r f a c e .  

I. 
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